Considering screeening of electron scattering interactions in terms of the finite-temperature STLS theory and solving the linearized Boltzmann equation (with no appeal to a relaxation time approximation), we present a theoretical analysis of the low-temperature Seebeck effect in two-dimensional semiconductors with dilute electron densities. We find that the temperature (T ) dependencies of the diffusion and phonon-drag thermoelectric powers (S d and Sg) can no longer be described by the conventional simple power-laws. As temperature increases, |S d |/T decreases when T 0.1εF (εF is the Fermi energy), while |Sg| first increases and then falls, resulting a peak located at a temperature between Bloch-Grüneisen temperature and εF .
I. INTRODUCTION
Heat generation with increasing density of integrated electronic devices is one of the serious restrictions blocking the further development of conventional electronics. To overcome this obstacle, there have been proposals to use heat to storage and transport information. Such an intriguing concept provides hope of discovering new physics and new green technology, stimulating a great deal of theoretical and experimental investigation. Recently, two new subfields associated with heat electronics have emerged, namely "Phononics" 1 and "Spin Caloritronics".
2 Phononics is devoted to the use of heat current to perform computational operations and many heat devices, such as heat diodes, 3 heat transistors 4 , thermal memory 5 etc., have been proposed and/or constructed. Spin Caloritronics concerns on the motion of magnetization or of electron spin induced by heat or a temperature gradient.
2 In this field, many phenomena, such as a spin Seebeck effect, 6 thermodynamic control of magnetization in ferromagneto-nonmagnetic structures, 7 etc. have been reported.
To use heat in electronics, the conventional method is usually based on thermoelectric effects, which convert a temperature gradient to electric voltage. Among them, the Seebeck effect (SE), initially discovered in metals by T. Seebeck in the 1820s, 8, 9 is widely used for thermoelectric generation and for temperature sensing. The first observations of SE in bulk semiconductors, such as Germanium 10, 11 and Silicon, 12 were reported in the 1950's. With the recent development of technology in the fabrication of semiconductor microstructures, investigations of thermoelectric effects in two-dimensional electron gases (2DEG) have been carried out both experimentally and theoretically.
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It is well known that, in thermoelectric power (TEP), which is the main characteristic quantity of SE, there are two components; namely, diffusion thermopower, S d , and phonon-drag thermopower, S g . At relatively low temperature, the diffusion process in the Seebeck effect has been expected to be dominant since the electron-phonon scattering is relatively weak. [13] [14] [15] [16] 18 However, a careful analysis of experimental data indicates that phonon-drag in 2DEGs also plays an important role even at temperature T < 10 K. 17, 19, 20, [36] [37] [38] [39] [40] [41] 43, 44, 50 Furthermore, there have also been studies of a sign change of diffusion TEP in a Si-MOSFET, 45, 46 and of the effects of weak localization on TEP, 26, 28, 31 as well as the TEP of compositefermions, 21, 23, 24, 33, 49, [52] [53] [54] and oscillation of TEP in low magnetic field, 27, 29, 30 etc.
To understand the microscopic mechanisms in SE, it is necessary to separate S d and S g from the total TEP that is measured. One way to do this is to analyze the temperature dependencies of S d and S g . In the absence of phonon-phonon scattering in the phonon relaxation process, low-temperature S g vs T behavior has been taken to be of the form: S g ∝ ΛT n with Λ as the phonon mean free path and n = 3 or n = 4 for dirty or clean samples respectively. 28, 52 The diffusion TEP has often been assumed to vary linearly with temperature. 25 However, Sankeshwar, et al. showed that the inelastic feature of electron-phonon scattering may result in a nonlinear temperature dependence of S d in relatively clean 2D samples in the Bloch-Grüneisen (BG) regime, i.e. T < T BG [the BG temperature T BG ≡ 2k F u sλ with u sλ as the phonon velocity in branch λ is about 5 K for a 2DEG with typical density n s ∼ 10 11 cm −2 ]. 57 A few experiments were devoted to the direct measurement of diffusion TEP.
with electron density n s as low as n s ≤ 10 10 cm −2 have been studied extensively. [59] [60] [61] In these systems, T and T BG are comparable with the Fermi energy even at low temperature and therefore deviations of S d and S g vs T from the conventional results are expected to be observed.
In this paper, within the framework of Boltzmann equation, we present a theoretical investigation on thermoelectric effects in 2D electron GaAs/AlGaAs systems with carrier densities n s = 0.23 ∼ 1.06 × 10 10 cm −2 . To account for the screening of scattering interactions in a 2DEG with such low n s , the finite-temperature SingwiTosi-Land-Sjolander (STLS) theory, a scheme beyond random phase approximation (RPA), is employed.
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Furthermore, to carefully treat inelastic electron-phonon scattering, the Boltzmann equation is solved with no appeal to a relaxation time approximation, using an energy expansion method. Das Sarma and Hwang have already presented a qualitative explanation of experimental observations of resistivity in a 2DEG with such dilute n s by means of a Boltzmann equation combined with RPA-screened electron-impurity scattering. [64] [65] [66] In the present paper, performing numerical calculations with STLS screening appropriate to low carrier density, we find that the temperature dependencies of S d and S g in dilute 2D systems are significantly different from those in the high-electron-density limit. When temperature increases, |S d |/T no longer remains unchanged: it decreases for T 0.1ε F . In our calculation of phonon-drag TEP vs temperature, a peak appears: |S g | first increases and then falls as temperature increases.
The paper is organized as follows. In Sec. II, an energy expansion method for solving the Boltzmann equation beyond the RTA is presented along with the selfconsistent finite-temperature STLS theory. Numerical investigation of the temperature dependencies of diffusion and phonon-drag TEPs for various dilute electron densities are exhibited in Sec. III. Our results and conclusions are summarized in Sec. IV. In the Appendix, we also provide analytical results for S d and S g vs T in the high-electron-density limit, obtained by the energy expansion method.
II. THEORETICAL CONSIDERATIONS

A. Electron and phonon Boltzmann equations
When a two-dimensional electron with momentum p ≡ (p cos ϕ p , p sin ϕ p ) and energy ε p = p 2 2m * (m * is the effective electron mass) is subjected to a weak electric field E and a thermal gradient ∇T , its kinetic motion can be described in terms of a nonequilibrium distribution function, f p , which is determined by a linearized Boltzmann equation of form
Here, µ is the chemical potential, T is the lattice temper-
−1 is the equilibrium electron distribution function and v p ≡ ∇ p ε p = p/m * is the electron velocity. In Eq. (1), I scatt is the scattering term due to electron-impurity and electron-phonon interactions and it can be written as I scatt = I imp + I ph . I imp represents the contribution to I scatt from electronimpurity scattering:
while I ph is associated with the electron-phonon interaction:
In Eqs. (2) and (3), U q is the electron-impurity scattering potential, M Qλ is the matrix element for interaction between the 2D electrons and 3D phonons, and
. Ω Qλ and N Qλ , respectively, are the energy and number of nonequilibrium phonons with three-dimensional momentum Q ≡ (q, q z ) = (q x , q y , q z ) in branch λ.
Since the temperature gradient may drive the phonons out of equilibrium, N Qλ in Eq. (3) differs from the number of equilibrium phonons,
−1 , and it is determined by the Boltzmann equation for phonons:
Here,
is the drift term, taking the form
with u Qλ as the phonon velocity. Note that, in the present paper, the magnitudes of u Qλ are assumed to be independent of Q and they are denoted by u sλ (longitudinal and transverse acoustic phonons are denoted by u sl and u st , respectively).
is the relaxation term due to the boundary and phonon-phonon scatterings, written as
with τ bs as the relaxation time due to boundary scattering, 1/τ bs = u Qλ /Λ, 44 and τ pp as the relaxation time due to phonon-phonon scattering, 1/τ pp = A λ T 3 Ω 2 Qλ .
67,68
∂N Qλ ∂t ep is the phonon scattering rate due to the electron-phonon interaction, as given by
with g s as the spin degeneracy and L as the sample size along the direction perpendicular to the 2D sheet. In the case of a weak temperature gradient, Eq. (5) can be solved analytically and the steady-state number of nonequilibrium phonons can be written as
Here, 1/τ pλ ≡ 1/τ bs +1/τ pp +1/τ ep and τ ep is the phonon relaxation time due to electron-phonon scattering, taking the form
B. Energy-expansion method to solve electron Boltzmann equation
To solve the electron Boltzmann equation, Eq.
(1), we assume that the nonequilibrium distribution function f p takes the form
with g p as an unknown function. In previous studies, when electron-optical-phonon scattering can be ignored at low temperature, g p is usually obtained using the relaxation time approximation (RTA). Obviously, RTA is valid only in the high-electron-density limit. In the present paper, in order to study diffusion and phonondrag TEPs for relatively low electron density, we follow the idea proposed by Allen for an investigation of transport in metals, 69 which assumes that g p can be expanded in terms of basis functions χ Jn (p):
with C Jn as the coefficients of expansion. In a 2D system with a parabolic dispersion relation, the functions χ Jn (p) can be written as
Here, F J (p) are the basis functions for the expansion of g p with respect to the angle of the momentum vector p, and they can be chosen as sine or cosine functions of multiples of the angle ϕ p . η n (ε) are n-th order polynomials in electron energy ε and they are orthogonal with respect to the weight function −∂f 0 (ε)/∂ε:
It is noted that to study the transport in metals, the lower limit of energy integration in Eq. (13) can be assumed to be −∞, since the Fermi energy in metals usually is much larger than the bottom of electron energy band. 69 However, in three-or two-dimensional semiconductors, the finite bottom of the energy band or subband may affect transport properties, especially at relatively high temperature (or for relatively low electron density). Hence, in Eq. (13), the lower limit of integration is maintained equal to zero. Further, in our study, we assume that η n (ε) take the form
which also differs from that proposed by Allen. 69 In Eq. (14), the parameters α nm are determined from the orthonormality conditions of η n (ε). In general, they are independent of ε but may depend on the lattice temperature, as well as on the Fermi energy µ. Note that for n = 0, η 0 (ε) is an energy-independent constant:
Furthermore, without loss of generality, we assume that the electric field and temperature gradient are applied along the x axis. Thus, in 2D semiconductors with parabolic dispersion, only one term with basis function F J=X (p) = cos ϕ p need be considered in the expansion of g p with respect to ϕ p . Multiplying both sides of Eq. (1) by χ n (p) [χ n (p) ≡ χ n,J=X (p) = 4π cos ϕ p η n (ε p )/p] and performing the summation over p, the linearized Boltzmann equation for electrons can be rewritten as
∂εp . In this equation, the third term on left-hand side is the source of the phonondrag effect: it describes the interaction between equilibrium electrons and nonequilibrium phonons. In it, D n take the form
with u 
and
Thus, the original linearized Boltzmann equation is reduced to Eq. (15), a system of linear equations for C n . After C n are determined, the macroscopic charge current can be evaluated through
Since there are three driving terms in Eq. (15), its solution, C 0 , can be written as
0 , and C is proportional to E and it determines the conductivity as σ = −g s eC
and C (g) 0 are proportional to ∇ x T and they are associated with the diffusion and phonondrag TEPs, respectively:
We note that such an energy expansion method presented here can also reproduce the previous RTA results in high-electron-density limit. We present a detailed calculation of the high-n s TEP as a function of T in the Appendix, considering screened electron-impurity scattering as well as screened piezoelectric interaction and unscreeened deformation interaction between electronacoustic phonons. There, the well-known Mott relation is obtained for S d , and the lowest-order correction to the Mott formula at low temperature may come not only from electron-impurity scattering but also from the interaction between electrons and acoustic phonons when T lies within the equipartition (EP) regime, T BG ≪ T ≪ ε F . We also obtain the well-known T 4 law for S g vs temperature for T within the BG regime. Besides, in the presence of only boundary scattering in the phonon relaxation process, S g is found to be independent of temperature when T BG ≪ T ≪ ε F .
C. Finite-temperature STLS theory
To analyze resistivity as a function of T in dilute 2D systems, it is necessary to clarify the role of screening in electron-impurity and electron-acoustic-phonon scatterings. Using RPA-screened electron-impurity scattering, Das Sarma and Hwang have qualitatively explained the experimental observations in a dilute 2DEG. [64] [65] [66] However, in the GaAs systems that we study, the dimensionless Wigner-Seitz density (or interaction) parameter
is the effective semiconductor Bohr radius and κ is the background dielectric constant] can reach the value ∼ 11.6 for 2D GaAs with n s = 0.23 × 10 −10 cm −2 . Hence, the local-field correction to RPA is quite important and we therefore use the finite-temperature self-consistent STLS theory here.
Within the framework of the Boltzmann equation approach with interaction screening included, the scattering potential is usually divided by the dielectric function ε(q, ω), which takes the form
Here, χ 0 (q, ω) is the density-density correlation function of the free 2D system, H(q) is the form factor of the electron-electron interaction in the 2D system, and V q = e 2 /(2κε 0 q) is the 2D Coulomb potential. G(q) is the static local-field factor whose value depends on the approximation that used. In RPA, G(q) is zero, while
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In STLS theory which we use here, the local field factor is determined by the structure factor S(q) through
On the other hand, S(q) is also related to G(q) via
with χ(q, iω) ≡ χ 0 (q, iω)/ε(q, iω) as the response function. Thus, Eqs. (20) and (21) form a closed system of equations, to be solved self-consistently by iteration.
III. RESULTS AND DISCUSSION
We carry out numerical calculations to investigate the thermoelectric effect of a dilute 2D electron gas in a GaAs/AlGaAs heterojunction at temperature T < 5 K. The electron Boltzmann equation is solved by means of the energy expansion method and the screening of scattering is evaluated self-consistently within the framework of the finite-temperature STLS theory. In these calculations, the screened electron-impurity scatterings due to both remote and background impurities are considered. The corresponding scattering potential takes the form
with
and N r represents the density of remote impurities located at distance s from the heterojunction interface on the AlGaAs side.
In regard to the electron-phonon interaction, only acoustic phonons contribute to scattering at low temperature. The corresponding potential can be written as
with |M Qλ | 2 as the matrix element of the electronphonon interaction in three-dimensional plane-wave representation. In present paper, we consider both the deformation and piezoelectric interactions between electrons and acoustic phonons. It is well known that only the longitudinal acoustic phonon (LA) mode gives rise to deformation scattering with matrix element
Here, d is the mass density of crystal and Ξ is the shift of the band edge per unit dilation. 
with e 14 as the piezoelectric constant. In Eqs. (24) and (25), the unscreened form of the electron-acoustic-phonon scattering through deformation potential is used, while the piezoelectric interaction is assumed to be dynamically screened. Such a treatment is based on the fact that these two interactions have completely different origins. It is well known that piezoelectric electron-phonon scattering comes from the Coulomb interaction of electrons in an electric field induced by thermal vibration of atoms, and hence it is effectively screened by electron-electron interactions. However, the deformation scattering mainly results from the overlap of electron wave functions between different atoms in distorted lattices.
72 Thus, the deformation interaction between electrons and phonons does not directly relate to the Coulomb interaction, and therefore it is inappropriate to use the screened form for the deformation potential. We note that, employing the unscreened form for the deformation potential with the appropriate parameter Ξ, good agreement between theory and experiments has been reached in a previous study on phonon-drag thermoelectric effect. 44 In our numerical calculations, the parameters are chosen as follows: κ = 12.9, d = 5.31 g/cm 3 , u sl = 5.29 × 10 3 m/s, u st = 2.48×10 3 m/s, Ξ = 8.5 eV, m * = 0.067m 0 (m 0 is free electron mass), e 14 = 1.41 × 10 9 V/m. Since we are interested in the temperature and electron-density dependencies of the diffusion and phonon-drag TEPs at low temperature (T ≤ 5 K), the relaxation of phonons due to phonon-phonon scattering can be ignored and only the temperature-independent boundary scattering need be considered. Furthermore, the phonon mean free path is assumed to be Λ = 2.42 mm. 53 The truncation of summation in the expansion of g n is estimated by the convergence of the numerical scheme. We find that, for n s ≥ 0.2 × 10 10 cm −2 and T ≤ 5 K, n max = 4 is sufficient to reach the required numerical accuracy.
The low-temperature transport properties depend sensitively on the impurity densities. In the present paper, to obtain results in qualitative agreement with the experimental resistivity data of Ref. 60 , the density of charges in the depletion layer is chosen to be N dep = 7×10 9 cm −2 and the background impurity density is assumed to be constant: N b = 1 × 10 18 m −3 . The remote impurity density, N r , is determined from the mobility at T = 30 mK by assuming s = 210 nm. In Fig. 1 , we plot the dependencies of resistivity ρ = 1/σ on temperature for various electron densities. An evident "metal-insulator" transition can be observed: when T increases ρ increases for dense n s , while it decreases for dilute n s . Such behavior of ρ vs T almost agrees quantitatively with experimental data in the case 1 K ≤ T ≤ 5 K for all n s which were studied (see Fig. 2 in Ref. 60 ). However, in Fig. 1 , we do not see the small peaks for intermediate n s , which have been observed experimentally.
60 This is associated with the fact that the observed small peaks in ρ vs T are the result of weak (or strong) localization, which is ignored in our study.
In Fig. 2 , we plot the temperature dependencies of |S d | and |S d |/T in a 2D GaAs heterojunction for various electron densities in the range 0.23 ≤ n s ≤ 1.06 × 10 10 cm −2 . From Fig. 2(a) , we see that, with an increase of temperature, |S d | increases. However, this increase is no longer linear. To clearly show the nonlinear dependencies of S d on T , the temperature dependencies of |S d |/T for T ≤ 5 K are plotted in Fig. 2(b) . We see that when temperature increases, |S d |/T remains constant only for T 0.1ε F . Beyond this regime, |S d |/T decreases with an increase of temperature. Such nonlinear dependence of S d on temperature mainly stems from broadening of the electron distribution function at relatively high temperature.
It should be noted that electron-phonon scattering also may affect |S d | at relatively high temperature. To show this, in Fig. 3 , S d vs T is plotted both in the absence and in the presence of electron-phonon interactions. It is clear that the contribution from electron-phonon scattering to S d is important for relatively high n s . This is associated and a constant density of background impurities is used:
with the fact that for dilute n s , electron-impurity scattering is so strong that the electron-phonon interaction is relatively unimportant within the temperature regime studied. From Fig. 3 , we also see that the magnitude of S d in the presence of electron-phonon interaction is always less than that in the absence of electron-phonon scattering, reflecting the fact that contribution to |S d | from electron-phonon scattering is negative. In Fig. 4 , we plot the temperature dependencies of phonon-drag thermoelectric power for various electron densities. We see that S g vs T for dilute n s is significantly different from that in 2D systems having a dense electron density. It is clear that for relatively high n s (for example in the case n s = 1.06 × 10 10 cm −2 ), |S g | increases as T increases and then it saturates at a relatively high temperature. This can be explained qualitatively by means of the asymptotic behavior of S g in high-n s limit, presented in the Appendix: when T ≪ ε F , S g first increases with an increase of temperature as ∼ T 4 and it becomes independent of temperature at high temperature. From Fig. 4 , we also see that for relatively low n s , a peak appears in |S g | vs T . The position of peak depends on electron density: the peak moves towards the low temperature side with a decrease of electron density, but it lies always between T BG and ε F .
It should be noted that the appearance of a peak in S g vs T can be understood as the result of competition between (i) broadening of the Fermi distribution function and (ii) decrease of the rate of nonequilibrium phonon production, induced by an increase of temperature. As T increases, the Fermi distribution broadens and dragging electrons out of equilibrium by nonequilibrium phonons is facilitated. As a result, the phonon-drag TEP |S g | increases with increasing T . However, as T further increases, the rate of nonequilibrium phonon production induced by a temperature gradient decreases, leading to a decrease of S g with the further increase of T . Competition of these two factors results in the nonmonotonic dependence of S g on T .
From analysis presented above, it is clear that to observe the nonmonotonic dependence of |S g | on T in the presence of only boundary scattering in the phonon relaxation process, two conditions are required. One condition is that the Fermi energy should be much smaller than the critical temperature at which phonon-phonon scattering is important in phonon-relaxation. In 2D GaAs systems, such a critical temperature is about 10 K, 50 leading to an estimate of electron density in a 2D GaAs system for ob- servation of the peak in S g vs T as n s 2.5 × 10 10 cm −2 . The second condition for observation of the peak in S g vs T is that T BG should be comparable with ε F . Otherwise, the peak disappears: as temperature increases, S g monotonically increases and reaches saturation at a relatively high temperature when T BG ≪ ε F .
Note that in typical thermoelectric experiments, the measurable quantity is the total thermoelectric power, causing difficulty to separate the diffusion and phonondrag contributions. In the dilute 2D systems studied here, the phonon-drag TEP is dominant over almost the whole temperature regime T < 5 K. For example, for n s = 1.06 × 10 10 cm −2 , |S g | exceeds |S d | when T 0.1 K. Hence, in the temperature dependence of the total TEP S = S d + S g , which is plotted in Fig. 5 , the features are almost the same as those in S g vs T . Therefore, to observe the nonlinear dependence of diffusion TEP on T as shown in Fig. 2 , specific structures, such as a hot-electron thermocouple, 32 are required.
IV. CONCLUSIONS
Employing the energy expansion method to solve the Boltzmann equation and taking account of the screening of interactions in terms of finite-temperature STLS theory, we have carried out a theoretical investigation of the thermoelectric effect in a two-dimensional electron system with dilute electron density 0.23 ≤ n s ≤ 1.06 × 10 10 cm −2 . The temperature dependencies of the diffusion and phonon-drag thermoelectric powers have been carefully analyzed for T ≤ 5 K and our results exhibit deviations from the conventional simple power laws. We find that, in dilute 2D systems, |S d |/T remains con- stant only when T 0.1ε F and it decreases with an increase of temperature out of this regime. We also observe a peak in the temperature dependence of |S g |, which arises from competition between thermal broadening of distribution functions and decrease of the rate of nonequilibrium phonon production, induced by a temperature increase. Appendix: Asymptotic behaviors of S d and Sg in the high-electron-density limit
We verify that the energy-expansion method presented in section II produces the conventional expressions for S d and S g in the case T ≪ ε F [ε F ≡ 2πn s /(g s m * ) is the Fermi energy]. Obviously, in high-electron-density limit, it is sufficient to consider only the two lowest terms in the expansion of g p : g p ≈ [C 0 η 0 + C 1 η 1 (ε)] cos ϕ p . Based on the orthonormality conditions of η n (ε), Eq. (13), η 0 (ε) and η 1 (ε) can be written, respectively, as
From Eqs. (A.1) and (A.2) it is obvious that the corrections to the leading terms of η 0,1 (ε) are exponentially small for T ≪ ε F and hence η 0 (ε) = 1 and η 1 (ε) = √ 3(ε F − ε)/(πT ) can be used in the calculation that follows.
Temperature dependence of resistivity in the high-electron-density limit
Before proceeding to analyze S d and S g vs T , it is useful to evaluate the temperature dependence of resistivity, which is defined as ρ = 1/σ = m * τ −1 /(n s e 2 ) ( τ −1 is the average inverse relaxation time) and is proportional to Q 00 in high-electron-density limit: ρ = η 3 0 Q 00 /(g s e 2 ) = η 3 0 (Q imp 00 + Q ph 00 )/(g s e 2 ). We first consider the temperature dependence of Q imp 00
resulting from RPA-screened electron-impurity interaction [G(q) = 0 is used]. Using the potential given by Eq. (22), Q imp 00 can be expressed as
with Λ imp (ε F ) taking the form
In the low-temperature limit, Λ imp (ε F ) can be further expanded as
. 73 From Eqs. (A.3) and (A.5) it follows that, for T ≪ ε F , Q imp 00 can be written as
and Q imp 00 T =0
is obtained from Eq. (A.5) by setting T = 0. From Eq. (A.6) it is clear that the first-order finitetemperature correction to Q imp 00 is linear in T , consistent with previous transport studies. 64, 73 Note that such a correction comes mainly from the temperature dependence of the dielectric function in the screened electronimpurity scattering potential. Moreover, if the screening of electron-impurity scattering is considered by means of the finite-temperature STLS theory, an additional temperature dependence associated with G(q) needs to be taken into account.
Further, considering both the deformation and piezoelectric scatterings, we carry out the determination of the temperature dependence of Q ph 00 both in the BG (T ≪ T BG ≪ ε F ) and in the equipartition (T BG ≪ T ≪ ε F ) regimes. In both cases, T BG ≪ ε F and hence we can make the approximation:
(A.8) Performing the p-integration in Eq. (18), Q ph nn ′ for n = n ′ = 0 can be written as
−1/2 is associated with ϕp q -integration over δ function.
In the BG regime,
, and ǫ(q, Ω Qλ ) ≈ q s /q with q s = m * e 2 /(2πε 0 κ) as the screening wave vector. Thus, Eq. (A.10) can be rewritten in the lowtemperature limit as , is given by 12) and the contribution from the screened piezoelectric interaction to Q (n s in 10 11 cm −2 ), respectively. This implies that, of the various electron-phonon scatterings, the (longitudinal-phonon) piezoelectric interaction is dominant at low temperature.
In the EP regime, T BG ≪ T ≪ ε F and n Qλ ≈ n Qλ + 1 ≈ T /Ω Qλ , and Eq. (A.10) reduces to
(A.14)
Accordingly, the contribution to Q ph−EP 00
from deformation and piezoelectric scatterings in the EP regime, Q DP−EP 00 and Q
DP−EP 00
, are given by 
Thus, we find that the electron-acoustic-phonon scattering tends to ρ ∼ Q ph 00 ∼ T 5 in the BG regime and ρ ∼ Q ph 00 ∼ T in the EP regime. It should be noted that the resistivity correction we found here in the analysis of electron-impurity scattering, which goes beyond the earlier "linear-in-T " result, is consistent with previous transport studies in Refs. 64 and 73. In regard to electron-phonon scattering, our result concerning the power-law temperature dependence of resistivity due to piezoelectric scattering agrees with the previous one: in Refs. 74 and 75 the contribution to inverse relaxation time due to piezoelectric scattering was found to be proportional to T 5 . However, our deformation-scattering result is different from the T 7 law obtained previously. This is associated with the fact that the deformation scattering is taken to be unscreened in present paper, while a screened one was used in the previous studies. 74, 75 2. Diffusion thermoelectric power in the high-electron-density limit
To obtain the diffusion TEP S d , one needs to consider the second term on the left hand side of Eq. (15) . This term can be written for n = 0 as .17) and for n = 1 we have
It is clear that, in high-electron-density limit, the n = 0 term is exponentially small while the term with n = 1 is dominant and is given by
Using the low-temperature expansion of the Fermi function can be written as .24) and the diffusion TEP takes the form
From Eq. (A.25) we see that the first term on the right hand side agrees with the well-known Mott formula. 77 Considering the fact that Q 00 relates to n s approximately as Q 00 ≈ m * τ −1 /(g s n s ) and ignoring the energy-dependence of τ −1 , S d ≈ π 2 T /(3eε F ) can be obtained. However, if one assumes τ −1 ∼ ε p F , we obtain S d ≈ π 2 T /(3eε F )(1 + p), in agreement with the results of Refs. 45 and 46. In Eq. (A.25), the second term on the right hand side is a low-temperature correction to the leading term and it is proportional to T 2 . Obviously, in the BG regime, this correction comes only from the temperature dependence of the screening of electron-impurity scattering, since the phonon contribution is proportional to T 6 in BG regime [Λ ph (ε F ) ∼ T 5 ] and it can be ignored. However, in the equipartition regime, the electron-phonon scattering results in Λ ph (ε F ) being linear in T . Hence, both the electron-impurity and electron-phonon scatterings lead to a deviation of S d vs T from the linear rule when T BG ≪ T ≪ ε F .
3. Phonon-drag thermoelectric power in the high-electron-density limit
To investigate the phonon-drag effect in thermoelectric power, one needs to study the driving term D n in Eq. (15) . Performing substitution, q → −q for + term and p → p + q for − term, Eq. (16) 
Recognizing that χ n (p + q) − χ n (p) ≈ 4πq cos ϕ q η n (ε p )/p 2 in the case T ≪ ε F , S g finally takes the form .29) Note that this expression for S g reduces to the one widely used in literature 28,37,52 if ∂ ln Λ(εF ) ∂εF is replaced by 1/ε F . To further analyze the power law of S g vs T in the highn s limit, one has to study the temperature dependence of τ pλ . At sufficiently low temperature, it is reasonable to assume that boundary scattering dominates phonon relaxation and the mean free path of phonons, Λ, is independent of T . Under this consideration, S g in the BG regime, S can be further simplified by substituting explicit forms of the deformation and piezoelectric scattering matrices into it and then performing momentum integration: S
